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Abstract 

We consider the martingale problem under the framework of a nonlinear expectation. We first 
establish an appropriate comparison theorem and the existence result for the associated state- 
dependent fully non-linear parabolic PDEs. We then construct the conditional expectation 
from the viscosity solution of the PDEs, and solve the existence of martingale problems. Under 
this non-linear expectation space, wc further develop the stochastic integral and the Ito's type 
formula, which are consistent with Peng's G-framework. As an application, we introduce the 
notion of weak solution of SDE under the non-linear expectation. We remark that this weak 
solution is not unique. 

MSC2000 subject classification: 60G40, 60H30, 49J10, 49K10, 93E20. 

Key words and phrases: fully nonlinear PDE, martingale problem, nonlinear expectation, con- 
ditional expectation, weak solution to G-SDE. 

1 Introduction 

Our Problem and Main Results In this paper, we consider the following martingale problems 
under an appropriate non-linear expectation, analogous to the martingale problems in a probability 
space studied in the seminal paper of Stroock and Varadhan [SV69]. 

We start with a given continuous function G : M*^ x M"^ x S"^ — )• M which satisfies the properties 
of subadditivity, positive homogeneity, monotonicity specified in section 2. We then set = 
Cxq{^,oo]W^) and define Xt{oj) = uj{t),io G Q. Now we consider the G-martingale problem in the 
following sense: find a family of operators {£t}t>o on a nonlinear expectation space {Q, %) such 
that ^ 

v{Xt) - [ G{Xe,MXe),ipUXe))d9,t>0 
Jo 

is a {£:t}-martingale for all v? e C^{R'^). 

We study this problem by first establishing an appropriate comparison theorem and the exis- 
tence result for the associated state-dependent fully non-linear parabolic PDEs, assuming additional 
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regularity properties of G. This part of the result is largely drawn upon or slightly generalized from 
the existing PDEs theory. We then construct the conditional expectation, i.e. a family of operators 
{£t}t>o from the viscosity solution of this PDE. Using the properties of this non-linear expectation, 
we show that 

SsMXt) - ^{Xs) - j^G {Xe, v^Xe), v^Xe)) d^] = 0, < s < t < oo. 

Under this non-linear expectation space, we further develop the stochastic integral, and the 
Ito's type formula so that for Lp G C'^{M) with ^p' , ip" £ Q.Lip(M), < s < t < T, 

ifiXt) - ip{X,) = ^* ^'{Xe) dXe + ^ £ '^"{Xe) d{X)e. 

As an application, we introduce the notion of weak solution of SDE under the non-linear ex- 
pectation. We remark that this weak solution is not unique. 

Besides the sublinear case, we also consider a class of nonlinear expectations dominated by a 
sublinear expectation as in Chapter III in Peng [PIO], and solve the related martingale problems. 

Relation to existing works. 

• Note that in the previous work of Peng's [PIO], G is independent of state variable x and the 
corresponding G-stochastic integral is defined with respect to a special symmetric martin- 
gale G-Brownian motion. In this paper, we develop stochastic integrals with respect to the 
underlying general processes, which are not necessarily symmetric under the given nonlinear 
expectation space. 

• Recently, a notion of random G-expectation was proposed in [N12], which allows the family 
of probabilities in the representation theorem of sublinear expectation to be path-dependent. 
In Nutz ([N12]), random sublinear expectations are constructed based on an optimal con- 
trol formulation with path-dependent control sets. In our work, we construct the sublinear 
expectation directly from a fully nonlinear parabolic PDE. Our approach lends naturally an 
analytical tool to study the underlying stochastic processes (say X). For instance, we develop 
in this paper the stochastic integral and the quadratic variation processes, as well as Ito's 
type formula, as well as notion of the weak solution of the associated SDEs. 

• We conjecture that by specifying appropriate class of G, one can define directly G-jump 
processes, see also [HP09]. This is an ongoing research project. 

2 Preliminaries, Notations and Assumptions 

Given a continuous function G : M'' x M"^ x S'^ — )• M. We assume that G satisfies the following 
conditions: 

(A) . (Subadditivity) G{x,p + p,A + A) < G{x,p, A) + G{x,p, A); 

(B) . (Positive Homogeneity) G{x, Xp, XA) = XG{x,p, A); 
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(C) . (Monotonicity) G{x,p,A) < G{x,p,A + A); 

for any x,p,p £ W^, A, A, A £ E.'^, A > and A > 0. 

If G satisfies conditions (A) and (B), then, by Theorem 2.1 in Chapter I in Peng [PIO], for each 
given X G W^, there exists a bounded, closed and convex subset U{x) C S"' X W^, such that 

G{x,p,A)= sup {tr [a A] + {b,p)}. 

{a,b)€Uix) 

Since, for each given x, there exists a dense subset Uo{x) C U{x), which is countable, also denoted 
by {(^a(x, i), we can rewrite the above expression in the form 

G(x,p,^) = sup|^tr[a(2;,7)^] + (6(x,7),p)| , (1) 

where F is an index set, and a{x, 7) G S*^, b{x, 7) G W^. 
We also assume that G satisfies the condition 

(D) . \G{x,p,A) -G{x,p,A)\ < p{\p-p\ + \A-A\), for any x,p,p G and A,A e S,'^, where 

p : [0, 00) — )■ [0, 00) is continuous and p{0) = 0. 

If G satisfies conditions (C) and (D), then there exists a positive constant A such that |a(x,7)|, 
1^(2;, 7)1 < A and a(x,7) > for any x G M'^ and 7 G T. And there exists (t(x,7) G R'^^'^ such 
that a{x,^) = cj(x, 7)cr'(x, 7). Moreover, since G has the form (1), then G is uniformly Lipschitz 
continuous with respect to the last two arguments, i.e. 

(D') \G{x,p,A) - G{x,p,A)\ < L{\p-p\ + \A- A\), for any x,p,p G R'^, and A,Ae S'^, where the 
constant L > 0. 

Remark 1 //, for each x, U{x) = [a(x),a(x)] x [6(x),6(x)], one can take a(a;,7i) = a{x) + [a(x) — 
a(x)]7i and b{x,^2) = k{x) + \b{x) — b{x)]'y2 wi/i 71,72 S [0, l]nQ. Furthermore, if we assume that 
(t(-,7) and 6(-,7) are uniformly Lipschitz continuous, then G satisfies condition: 

(E) G{x, a{x — y),A) — G{y, a{x — y),A) < p{a\x — + |x — y\) for every x, y G M, a > and 
A, A G S'^, satisfying 

where p : [0, cxd) — )• [0, 00) zs continuous and p{0) = 0, 
which will be useful for proving a comparison theorem, a key to our analysis. 

PDEs associated with G Given such a G, now we introduce the associated state-dependent 
parabolic PDE 

dtu - G{x, Du, D^u) = 0, (t, x) G (0, T] x ^^^^ 
u\t=o = 93, X G M . 

This PDE is the focus of our martingale problem, and we will need more conditions on G to 
ensure the existence and regularities of its solution. 

We first give the definition of viscosity solution to the above parabolic PDE. 
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Definition 1 A viscosity subsolution of (GE) on (0,T) xW^ is a function u e USC{{0,T) x M'^) 
such that for all {t,x) G (0,r) x G C2((0,T) x R"^) such that u{t,x) = (t}{t,x) and u < (J) on 

(o,r) X R'^\{t, x), we have 

dt^{t, x) - G{x, D(t){t, x),D'^(j){t, x)) < 0; 

likewise, a viscosity supersolution of (GE) on (0,T) x R'^ is a function v G LSC{{0,T) x M*^) such 
that for all {t,x) G (0,r) x M'^,V' G C'^{{0,T) x R"^) such that v{t,x) = ipit^x) and v > ^ on 
(0,r) X R'^ \ {t,x), we have 

dti^it, x) - G{x, Dipit, x),D'^i;{t, x)) > 0. 

And a viscosity solution of (GE) on (0, T) X is a function that is both a viscosity subsolution 
and a viscosity supersolution of (GE) on (0,T) x M"^. 

We have the following result for the PDE (GE). 

Theorem 1 (Comparison Theorem) Given a continuous function G : M'^ X X S"' ^ R, which 
satisfies conditions (A), (B), (C) and (D). Suppose a,b are uniformly Lipschitz continuous with 
respect to x. Letu£ USC{[0,T] x M*^) be a viscosity subsolution of (GE) andue LSC{[0,T] x R'^) 
be a viscosity supersolution of (GE) on [0, T] x M*^ with polynomial growth. Then u < u when 
u\t=o < u\t=o- 

The proof for the Comparison Theorem in the Appendix A is based on Fleming and Soner 
[FS92], with slight modification. 

Now we give Perron's existence result of the solution of (GE). First, let us introduce two 
notations: let u : Q{c [0, cxd) x M*^) — [— oo,cxd], we set 

{u*{t, x) = limr4.o sup{(s, y) ^ Q and y^js — t\ + \y — xp < r}, 
u^,{t, x) = limr4.o inf{(s, y) & Q and y^|s — t\ + \y — < r}. 

We call u* the upper semicontinuous envelope of n, which is the smallest upper semicontinuous 
function larger than u. And n^, is the lower semicontinuous envelope of u. 

Theorem 2 (Existence) Assuming Comparison holds for (GE). Moreover, there is a viscosity 
subsolution of (GE) u and a viscosity supersolution u of (GE) that satisfy the condition u^,\t=o = 
ii*|t=o = 95 G C(M'^) with polynomial growth. Then 

w{t,x) = sup{W{t,x) : u<W <u and W is a viscosity subsolution of (GE)} 

is a viscosity solution of (GE). In particular, if G satisfies condition (D), (GE) has a solution. 

Proof. We only give the proof for the special case. Actually, if we assume 93 G C^(M'^), then 
u(t, x) = Mt + (p{x) and u{t, x) = Mt + (p{x) are the subsolution and supersolution of (GE) respec- 
tively, where M = inf^gj^d G{x, Dlp{x), D'^ip{x)) G R and M = sup^^^d G{x , Dip{x) , D'^ (p{x)) G R. 
For if G C{R'^) with polynomial growth, one can refer to Appendix C.3 in Peng [PIO]. □ 

Moreover, since G satisfies conditions (A),(B) and (C), the solution of (GE) has the following 
properties. 
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Theorem 3 (Properties of The Solution) Let G satisfy conditions (A),(B) and (C) in the 

Introduction. Let u'^ G C([0,T] x W^) denote the solution with polynomial growth of (GE), 
then 

u^^ = Xu^, A > 0, 

In particular, we have the identity 

where c G M is a constant. 

Finally, we need some regularity properties for the PDE. We fist assume that the PDE (GE) is 
uniformly parabolic, i.e. 

(F). there are positive functions Aq and Aq on such that 

AoTrace(i) < G{x,p, A + A) - G{x,p, A) < AoTrace(i), A>0, (2) 

and the ratio Aq/Aq is finite. 

We next follow the notation in Krylov [K87] for more regularity results. Given constants 
K > e > and set Q = (0, T) x R'^, we define 

Definition 2 Let G : given, which is written as G(^x^u^U{jUij^y i^j — 

1, . . . ,d. We shall denote G G G{£, K, Q) if the function G is twice continuously differentiable with 
respect to {x,u,Ui,Uij) and for all real-valued Uij = Uji,Uij = iiji,Ui,Ui,u,u and the conditions 

\G - Gu,,uij\ < M^{u){l + Y,{uif), 

i 

i i i i i i,j 

M§{u,Uk)~^G^r,)(r)) < El^^jltE'^*! 

id i 

+ (l + ^|ni,|)(|£t| + |x|)] 

i i,j 

+ (l + ^|n,,f)(|^|2 + |xp) 

i,3 
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are satisfied, where rj = {x,u,Ui,Uij) and 

Mi'{u) and M2 {u,Uk) are some continuous functions which grow with \u\ and u^Uk and M2 > 1. 

Definition 3 Let G he given. We write G ^ G{£, K, Q) if there exists a sequence Gn G G{£, K, Q) 
converging to G as n ^ 00 at every point {x, u, Ui,Uij) € M"' x M x M"' x S'^ such that 

(i) " = Mp, / = 1, 2 and n = 1, 2, . . . ; 

(ii) for each n = 1, 2, . . . , the function G„ is infinitely differentiable with respect to {x,u, Ui,Uij); 
(Hi) there exist constants 60 =: 6q > and Mq =: Mq > such that 

Gn{x,-Mo,0,Uij) > 60, Gnix,Mo,0,-Uij) < -5o 

for aUn>l,xe R'^ and (uij) G S'^. 

Remark 2 According to example 6.1.8 in [K87], we give an example in our case. Let T be a set 
of indices. Given a'^ {x , -/) , b' {x , : R x T M s.t. a'^ {■ , j) , b' {■ , j) E C^{R),i,j = 1,2,..., d. 
Assume that 

e|^|2 < a'^C^^ < K\^\^, for alljeT and xeR, 

then 

F{x,u,Ui,Uij) := su-p{a^^ {x,'j)uij + b\x,-y)ui - u} e Q{e,K,Q). 

If G has the form (1), set G{x,u,Ui,Uij) := G{x,Ui,Uij) —u, one can easily check that u{t,x) := 
e^u{t,x) is a solution of (GE), provided that u is a solution of 

(dtu - G{x, u, Du, D'^u) = 0, {t, x) £ (0, T] x R'^, 
\u\t=o = 9?, X E M*^. 

Now referring to Theorem 6.4.3 and 6.4.4 in Krylov [K87], we give tlie following regularity 
results. 

Theorem 4 Suppose that G E G{e,K,Q) and ip E Cb{R'^). Then the PDE (GE) has a solution u 
possessing the following properties: 

I) ue Cb{[0,T] X M'^); 

II) there exists a constant a E (0, 1) only depending on d, K, e such that for each n > 0, 

IKIIc2+«([k,T]xR<^) < 

Furthermore, if £ C^^^^iR"^) and bounded, then u E C2+"i([0, T] x R'^) for some ai E (0, ao A 1]. 
Where u E C"(Q), if 

II II W(t^x) - u{s,y)\ 
\\u\\ca(Q) := sup J < 00. 

X7^y,x,ym'^ {\t — s|2 + |x — y\)°' 
s^t,s,te[0,T] 
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Outstanding Assumption Throughout the paper, unless otherwise specified, we always assume 
the conditions (A), (B), (C), (U), (F) and G G g{e,K,Q). 

These assumptions will guarantee the existence and uniqueness of the viscosity solution to the 
PDE (GE) with sufficient regularity for our subsequent analysis. 

3 The Martingale Problems 
3.1 Martingale Problems for G 

Now, referring to Peng [P05], we define the 'conditional expectation' £t according to the operator: 
Tt[^p{-)]{x) := u{t,x), where u is the unique viscosity solution of the PDE (GE). 

We set Q = C3;o(0,oo;M'^), Xt{uj) = wj, cj G is canonical. Let us assume that ipo in a proper 
function space on {R'^)^ denoted by C((M'^)^), set ^{u) = (po{Xt^,- ■ ■ ,Xtj^), = to <*!<••• < 
t]\f <T. For < j < A^, we define the conditional expectation £t[^] in the following way 

ipi{xi,--- ,XN-i) = Ttf^-tN_i[fo{xi, - ■ ■ ,XN-i,-)]{xN-i), 

(pN~j{xi,--- ,Xj) =Ttj_^_^^tj[y^N-j-l{xi, - ■ ■ ,Xj,-)]{xj), 

ipN-l{xi) = Tt2-ti [ipN-2ixi,-)]{xi), 
= TtA^N-l{-)]{xo), 

where Lpk e C{{W^)^-^), < A; < iV - 1 and (/jat G M. Then we define 

£t[i] = (pN-j{^^h,-- • ,^t,), if t = tj,0 <j<N, 
and denote the so called 'expectation' by £ := £q. 

Remark 3 We can set C((M'^)^) := Cz.Lip((M'^)^) as in [PIOJ, where C;,Lip(M") is the space of 
real valued continuous functions defined on R" such that 

\^{x) - ^{y)\ < C{1 + \xr + \yn\x - y|, Vx, y G 

for some C > 0, m G N depending on (p. 

And we set U := Up = {ip{Xt^,--- G Ci,Lip{{R'^)^) for some N andO < ti < 

• • • < t^v < T}, and call {0,,'H,£) a nonlinear expectation space. If ^ = (p{Xt^,--- ,Xtj^) with 
tAT < t G [0, T], we say ^ G Tt, where Ft = a{{XQ;9 G [0, t]}) is the a-field generated by X. 

From the above construction and the properties of the solutions to PDE (GE), we see 

Proposition 5 Given a nonlinear expectation space {0,,T-L,£). Let S^,ri gT-L. 
(I) Monotonicity 
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(II) Subadditivity 

(III) Positive homogeneity 

£t[^C] = ^£t[S,] for any constant A > 0. 

(IV) Constant preserving 

If S, £ J^s and rj G J^s+h-, s,h >0 we have 

£s[C + ri] = ^ + SsM- 
Particularly, £[S^ + c] = + c,c G W is a constant. 
(V) Tower property 

£s ° £s+h = £s, h> 0. 

(VI) If £ andrj G Fg+h we have 

£sM=t£s[ri\+r£s[-il\. 

(VII) For ip G Ci.Lip(R), we have 

£s[^iXt)]=u'P{t-s,Xs), ifs<t. 

Proof . (I) is an implication of Comparison Theorem. (II) and (III) can be derived directly from 
Theorem 3 and the construction procedure. 

For (IV), without loss of generality, assume ^ = ip{Xs),r] = (f){Xs+h), ^,4> ^ C(K'^). Then 

£s[C + r]] =£s[ip{Xs) + ^{Xs+h)] 

= r^[^(y) + 0(-)](y)|,=x. 
= V^{Xs)+ThmM\y=Xs 
= ^ + £s[v], 

where the third equality is implied by Theorem 3. 

To show (V), without loss of generality, we assume ^ = ipo{Xtj^, Xt^, Xt.j),ti = s,t2 = s + h,t2 < 
ts < T,(^o e C((M'^)3). Then 



£t,[C]=MXt„Xt,) andftjC] = (p2(XtJ,(^i GC((M'^)2),(^2 gC(M'^), 
from the construction procedure. While 

£tA£tM = StdMXt„Xt,)] = MXt,), 

where <^2(ic) = Tt2-ti[fi{x, •)]{^) = '^2ix), since the PDE (GE) has a unique solution for a given 
initial condition. 
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To prove (VI), assume ^ = ip{Xs),r] = cl){Xs+h), ^^^(p ^ C(M.'^). Then, by Theorem 3, we have 



= %Mym-)]{y)\y=x. 

= r^[(^(y)+<A(-)-^(y)-0(-)](y)ly=x. 

= W{y)+Th[H-)] + v^iyrrh[-H-)]iy)}\y=x. 

= trh[H-)]y=x.,+rrh[-H-)]y=x., 



For (VII), note the fact that ipiXt) = (p(Xt + X^ - Xs) =: V(^s,^t), 

£s[viXt)] = £s[ijKXs,Xt)] = Tt-s['>P{xi,-)]ixi)\xi=Xs = u'^it - S,Xi)\xi=X,- 



Remark 4 It is worth mentioning that the above construction procedure depends on the homo- 
geneity of the PDE (GE), otherwise the nonlinear expectation is not well-defined. Let us see an 
example. Consider the following linear nonhomogeneous PDE with a constant initial data 



The solution is u{t, x) = tx -\- c. Let us try to define conditional expectation Eg o.s the former 
construction procedure, and consider the constant as a function 



£h[c] = Tt2-tAMxi, •)]xi=Xt, = [(^2 - h)xi + c]Ui=Xt^ =: M^i)\xi=Xt^, 
£o[MXh)] = hXo + {t2 - ti)Xo + c = t2Xo + c. 



We obtain £[c] = t2XQ + c. Since t2 is arbitrary, the construction of nonlinear expectation is not 
well-defined for nonhomogeneous PDE. 

We win state our main theorem here. For simphcity, let d = 1. Firstly, referring to Lemma 3.3 
in Chapter I in Peng [PIO], we give a technique lemma. 

Lemma 6 Given a nonlinear expectation space {Vt,T-L,£). Let X £ H be given. Then for each 
sequence {(pn}'^=i C C{W^) satisfying ipn i 0, we have £[ipn{X)] I 0. 



□ 




00 : {c}; {xi,X2) ^ (j)oixi,X2). 



Then 



c = MXt^,Xt,), vti <t2 G (o,r]. 



And 
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Proof. For each fixed > 0, 



<fn{x) <k^ + V7i(x)l[|^|>Ar] < + ^^^^^^^ for each x G R'^, 



where fc„ = m.ax\^\<^]\f ipn{x). We then have 

1 



£[MX)]<ki: +-£[MX)\X\]. (3) 



It follows from i that k^ | 0. Thus we get 

hm £[vn{X)] < ^£[MX)\X\]. 

At last, letting — oo, we derive that £[ipn{X)] J, 0. □ 

Remark 5 In the proof the above lemma, we used monotonicity, constant preserving and positive 
homogeneity of the nonlinear expectation £ to show the key inequality (3), except the subadditivity. 

Theorem 7 (Martingale Problem) Assume that G satisfies the conditions in Theorem 1, and 
condition (ly). And G G g{e,K,Q), ip G C^^+""(M),ao > 0. Then we have 

£,[ip{Xt) - v{Xs) - f G{Xe,ipAXe),^.AXe))de] = 0,0<s<t<(x^. (4) 

J s 

Proof . To prove (4), we set vr = {Of, 1 < i < K,0o = s < 6i < ■ ■ ■ < 9k = t, K £ f^}, ||7r|| = 
maxi<fc<i^ |A6'fc|, A6'fc = 6*^ - 6'fc_i, andg{Xg) := G {Xg,ip^{Xg),ip^^{Xg)). 
First, let us consider 

K 

£s[Y,WiXe,) - ^{Xe,_,) - giXe,_,)Aek}]. (5) 

k=l 

Since, by Theorem 4, there exists some a G (0, ao /\ 1] such that dfU is uniformly ^-Holder 
continuous in t, using Proposition 5 (IV) and (VII), we obtain 

£g,_, [^{Xg^ ) - ^{Xg^_, ) - g{Xe,_, 

= £e,_MXe,)] - v{Xe,^,) - g{Xe,_,)Mk 
= u{Aek,Xe,_,) - u{0,Xe,_,)-g{Xe,_,)A9k 



dii 

— (0,X,,_J-5(X,,_J 



A0fc + O((A0fc)i+t) 



= O((A0,)i+t), 

where we used 9tM(0, x) — G{x, (px{x), ipxx{x)) = in the last equality. That is, we get the estimate 

\£g,_MXe,) - viXg^^,) - 9{Xe,_,)A0k]\ < C(Aefc)i+f , 
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for some constant C depends only on the norm of u in C^+"([0, T\ x M) with T > t. 
By the tower property and monotonicity of conditional expectation £t, we have 

K 

Ssi^WiXe,) - v{Xe,_,) - G{ek-i)A9k}] = o(l), as ||7r|| ^ 0. 

k=l 

To see this, let us consider a simple case: 

li s < 6 < t, then by the tower property we get 

SslHXe) - f{Xs) - 9{Xs){e -s) + [^{Xt) - ifiXe) - g{Xe){t - 6)]] 
=£s[v{Xe) - v{X,) - g{X,){e -s)+ £eW{Xt) - ^{Xe) - g{Xe){t - 9)]]. 

Then, by the monotonicity of the conditional expectation, we have 

SsMXe) - ^{Xs) - g{Xs){e - s) + Se^Xt) - ^{Xe) - g{Xe){t - 9)]] 

< SsMXe) - ^{X,) - g{Xs){9 - s) + \£eMXt) - ^{Xe) - g{Xe){t - 9)]\\ 

< \£s[v{Xe) - v{X,) - g{X,){9 - s)]\ + C{t - 0)i+t 
<C[(0-s)^+t + (t-0)i+f] 



and 



SsHXe) - 'piXs) - g{Xs){9 - s) + £eW{Xt) - ^{Xe) - g{Xe){t - 9)]] 

> £.MXe) - ^{Xs) - g{Xs){9 - s) - \£eVp{Xt) - ^{Xe) - g{Xe){t - 9)]\] 

> SsHXe) - ^{Xs) - g{Xs){9 - s)] - C{t - 9f+^ 

> - \£s[v{Xe) - ^{Xs) - g{Xs){9 -s)\\- C{t - 9)^+"^ 



> 



C\ 



sf+^ + (t-9f' 



which imply 

\£s[v{Xe)-^{Xs)-g{Xs){9-s) + £eMXt)-^{Xe)-g{Xe){t-9)]]\ < C[{9 - 



+ it-9) 



At last, we need to estimate the difference between (5) and the left hand side of (4). Since 
£[jl giXff) d9] is defined properly, and from Lemma 6 we can derive a monotone convergence result 
w.r.t. £, i.e. £[(,n] i 0, as^n | in?^, then we can choose a sequence of the partition 7r„ of the 
interval [s,t\ such that | g{X0) d9 — Ylnxn 9{-Xdk-i)^^k\ i as ||7r„|| — )■ 0. 

Hence, we get that the difference between (5) and the left hand side of (4) 



£ 



£. 



£. 



ifiXt) - ^{Xs) - j^G {Xe, ^^{Xe),vUXe)) 



d9 



<£ 



j\{Xe)d9-Y,9{Xe,_,)Mk 



J, as llvTnll — >• 0. 



We have proved the equation (4). 
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Remark 6 1) Since £[\Jlg(Xe)de\\ < f^^ £[\g{Xe)\]de, we can define £[fQg{Xe)de] for g{X) 
such that £[\g{X)\] is integrahle on [0,T], and g{X) can he approximated by a sequence of 
simple processes. 

2) From the above proof, we can see that the only properties of the expectation we used are Propo- 
sition 5 (I),(IV),(V) and (VII). 

In fact, we can generalize the martingale problem for polynomials instead of (p. 

Theorem 8 (Martingale Problem for Polynomials) Suppose G satisfies the same conditions 
as in Theorem 7, then the process 



G{Xe,MX9),iPccAXe))d9,t>0 



is an {£t} — "martingale for all ip that is a polynomial on M. 

Proof . Actually, we can use Lemma 6 to show this result. 

One can find a process ipn G C^(M), such that — (/?| J, 0, \ip'^ — ip'\ I and \ip'^ — ip"\ ], 0, then 
we have 



< 



SsMXt) - p{Xs) - I' G{Xe, p'{Xe), p"{Xe)) 
SsHXt) - ifiXs) - f G{Xe, p'{Xb), p"{Xe)) dO] 



- SsWn{Xt) - Pn{Xs) - / G{Xe, p'niXe), '^niXe)) dO] 

J s 

<£sMXt)-Vn{Xt)\]+£sMXs)-iPn{Xs)\] 

+ / 8s[\G{Xe,p'{Xe),p"{Xe))-G{Xe,p'r,{Xe),p>':,{Xe))\]de 

J s 

<£sMXt) - MXt)\] + SsMXs) - MXs)\] 

+ L £,[y{Xe)-ip'^{Xe)\ + y'{Xe)-pl{Xe)Wde^^, asn^^. 



3.2 Martingale Problems for Dominated Nonlinear Expectations 

In this section, we consider a class of nonlinear expectations dominated by a 'sublinear' expectation 
£, in the sense 

m-£[r,]<£[i-r,l 

where i5 is a sublinear expectation with properties Proposition 5 (I), (II), (III) and (IV). 

First, let us consider a continuous function G : [0, T] X M"' X R X M'^' X S"^ M. Assume that 



(a), (subadditivity) G{t,x,v + v' ,p + p' , A + A') < G{t,x,v,p,A) + G{t,x,v' ,p' , A') 
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(b) . (positive homogeneity) G(t, x, Xv, Xp, XA) = XG{t, x, v,p, A); 

(c) . (monotonicity) G{t, x,v,p, A) < G{t,x,v,p, A"); 

for any (i, x) £ [0, T] x M'^, v, v' € M, p,p' £ R"^, A, A', A" £§'^,A< A" and A > 0. 
We now consider the fohowing nonlinear parabolic PDE 

dtu{t, x) - G{t, X, u{t, x),Du{t, x),D^u{t, x)) = 0, (t, x) G [0, T] x M'^, 

, ( trE) 

u{0,x) = ip{x),x eR'^. 

To make sure the above equation (GE) has a unique solution, we impose the following conditions: 

(d) . (Lipschitz continuity) \G{t,x,v,p,A) - G{t,x,v' ,p' ,A')\ < L{\v-v'\ + \p-p'\ + |^-^'|), 

for (i, x) £ [0, T] x M"', v, v' G R,p,p' G M'^, A, A' G S'^ and a positive constant L. 

And 

(g). (condition (G)) 

\Git,x,v,p,A) - G{t,y,v,p,A)\ < pg{1 + (T - t)-^ + \x\ + \y\ + \v\)pg{\x - y\ + \p\ ■ \x - y\), 
for each t G [0,T),v G R,x,y,p G R'^ and A G S'^, where pc/OG : [0,oo) [0,oo) are 
continuous functions that satisfy /Og(0) = 0,/Og(0) = 0. 

Referring to Theorem 2.4 in Appendix C in Peng [PIO], we have the comparison theorem. 

Theorem 9 Suppose G satisfies conditions (c),(d) and (g). Letu G USG{[0,T]xR'^) be a viscosity 
subsolution of (GE), and u G LSC{[0, T] x R'^) be a viscosity supersolution of (GE) on (0, T) x M*^ 
satisfying polynomial growth condition. Then u<u on [0,T) x M'^ provided that u\t=o < w^|t=o- 

Similar to the proof of Theorem 2, we have the following existence result. 

Theorem 10 Suppose G satisfies conditions (c),(d) and (g), and ^(t, x, 0, 0, 0) is bounded in 
[0,T] X R'^. If if £ CiW^) with polynomial growth, then the problem (GE) has a unique solution. 

Thanks to Theorem 2.5 in the Appendix C in Peng [PIO], we are able to consider the following 
type of nonlinear parabolic PDE: 

dtu{t, x) - G{t, X, u{t, x),Du{t, x),D'^u{t, x)) = 0, (t, x) G [0, T] x R'^, 

, (GE) 
u{0,x) = ip{x),x eR'^, 

where the continuous function G : [0, T] X M'^ X M X M'^ X S'^ — ?• M satisfies the condition 

G{t,x,v,p,A) -G{t,x,v',p',A') < G{t,x,v -v\p-p',A- A'), (DOM) 

for each {t,x) G [0,oo) x R'^ and {v,p, A), {v' ,p' , A') G M x E"^ x S"'. 

Referring to Theorem 2.5 in the Appendix C in Peng [PIO], we have the comparison result for 
equation (GE). 
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Theorem 11 Suppose both G and G satisfy condition (g). If G satisfies conditions (c),(d) and G 
satisfies condition (DOM). Letu^ U SG{[Q,T]xW^) he a suhsolution of (GE) andu^ LSC{[Q,T]x 
W^) he a supersolution of (GE) on (0, T) x R"^ andw is a supersolution of (GE). They all satisfy 
the polynomial growth condition. If (n — n)|t=o = w\t=o, then n — n < IZJ on [0, T) x R"'. 
In particular, u^<u on [0, T) x R'' provided that u\t=o < u\t=o. 

Remark 7 Addition to the conditions given in the ahove theorem, if we assume G satisfies condi- 
tion (b), then G still satisfies the monotonicity condition, i.e. 

Git,x,v,p,A) -G{t,x,v,p,A") < G{t,x,0,0,A- A") < G{t,x, 0,0,0) =0, 

for any {t,x,v,p) G [0, T] x R*^ x R x R^ and A, A" G S'^,^ < A". 

Set G{t, x,v,p, A) := —G{t,x,—v,—p,—A), then it is easy to verify that G satisfies condi- 
tion (c),(d) and (g) when G satisfies these conditions. Assume that G(t, x, 0,0,0) = 0, then 
G{t,x,v,p, A) < G{t,x,v,p, A) < G{t, x,v,p, A). 

One can easily see that a viscosity solution of (GE) is a viscosity supersolution of (GE), and 
a viscosity solution of (GE) with G replaced by G is a viscosity subsolution of (GE). Then we 
already get the following existence result for the problem (GE). 

Theorem 12 Suppose G and G satisfy the same conditions given in Theorem 11, G{t,x, 0,0,0) is 
hounded, G{t, x, 0, 0,0) =0 for (t, x) G [0, T] x R*^ and 99 G G{R^) with polynomial growth. Then 
there is a unique solution of (GE). 

Now we construct nonlinear expectations £ and £ with respect to G and G respectively as in 
section (3.1). To make sure the nonlinear expectations have constant preserving property, we make 
the following assumption: 

(h). G{t, X, V, 0, 0) = 0, for any {t, x, v) G [0, T] x R'^ x R. 

Remark 8 If G satisfies conditions (a), then the condition (li) results in that G does not depend 
on the third argument. In fact, we have 

G{t,x,v,p,A) - G{t,x,0,p,A) < G{t,x,v, 0,0) = 

and 

G{t,x,0,p,A) - G{t,x,v,p,A) < G{t,x,-v,0,0) = 0, 

which mean G{t,x,v,p,A) = G{t,x,0,p,A). 

If G satisfies condition (b), then G{t,x, 0,0,0) = 0, which implies that the only solution of 
the prohlem (GE) is when 99 = 0. But this is not enough for the well-definedness of the related 
nonlinear expectation, since the constant preserving property does not hold. Let us see an example. 
Consider the parabolic PDE: 

dtu{t, x) - {G{t, X, Du{t, x), D^u{t, x)) + u{t, x)} = 0, {t, x) G (0, 00) x R, 
m(0, x) = c, X G M, 
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where c is a constant and G satisfies (b),(c),(d) and (g). The solution to the problem is u{t, x) = ce*. 
By the same construction as in section 3.1, we will derive the same contradiction as in Remark 4- 
For this specific G, we can defined the operator T as Tt\p{^-)\{x) ■= e~*u{t,x), which guarantees 
the expectation derived from the PDE is constant preserving. But this nonlinear expectation is the 
same as the one derived from the nonlinear PDE 

dtw{t, x) - G{t, X, Dw{t, x), D'^w{t, x)) = 0, 

since w{t,x) = e^*n(t,x) is its solution. 

From now on, we always assume that G satisfies conditions (a),(b),(c),(d),(g) and (h), and G 
satisfies conditions (DOM), (g) and G{t, x, 0,0,0) = 0. Then we also have 

G{t,x,v,p,A) = G{t,x,0,p, A) 

by (DOM) and (h), thus G also satisfies (h). 

Denote the nonlinear expectations derived from (GE) and (GE) by £ and £ respectively. Then 
we can similarly show that £ satisfies all the properties in Properties 5, while G satisfies Proposi- 
tion 5 (I),(IV),(V),(VII) and is dominated by £ in the sense 

£m - £t[r]] <£t[C-v], for e, e ^, t > 0. 

Since Lemma 6 holds for £ and £[^] < £[C], Lemma 6 still holds for £. 

Let d = 1. To derive (4) for £, we need enough regularity for the solution of (GE). We refer to 
Krylov's regularity results, assume that G belongs to the class F{e,K,Q) defined in Section 6.1 in 
Krylov [K87]. Thus, by Theorem 6.4.4 in Krylov [K87], we get (4) for £ by noticing that Remark 6. 
Theorem 8 also holds for £, since Lemma 6 still holds for £ and £ is dominated by £. 

We summarize the above discussion as the following theorem. 

Theorem 13 (Martingale Problem for G) Assume that G satisfies conditions (g), (h) and 
(DOM), where G satisfies conditions (a),(b),(c),(d),(g) and (h). Suppose G G F{e,K,Q). If 
G C^^"°(M), ao > or if is a polynomial on M. Then we have 

isiifiXt) - ifiXs) - f G{e,Xe,^{Xe),p,.{Xe),^UXB))de]=0, < s < t < oo. (6) 

J s 

Remark 9 (Comparison of Two Kinds of Martingale Problems) We note here that both 
of the Theorems (Theorem 7 and Theorem 13) cannot contain each other. Because, in general, G 
defined in section 2 does not satisfies condition (g), the G defined in Theorem 28 is an example. 
While the G considered in section 3.1 is only a sublinear function. In the following sections, we 
only consider the sublinear case developed in section 3.1. 

4 Stochastic Integral and Ito's Formula 

In this section, we will first define the quadratic variation process and the stochastic integral with 
respect to the process X. We will then derive the related Ito's formula. Finally, we will generalize 
the same procedure to y = J" a{X)dX. 
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4.1 Some technical Lemmas 

We will first derive some useful results from Section 3. 

Lemma 14 For any given s,t £ [0, oo) with s <t, we have 

\£s[±iXt - Xs)]\ < L\t - s\, 
where L is the Lipschitz constant of G. 
Proof . By Theorem 8 and the subadditivity of Eg , we get 

£,[Xt - X,] = £s[Xt -X,- f G{Xe, 1, 0) dO + f G{Xe, 1, 0) dO] 

J s J s 

< £s[Xt -Xs- f G{Xe, 1, 0) d9] +£s[f G(Xe, 1,0) d9] 

J s J s 



£s[J^ G{Xe,l,0)d9] 

G{Xg, 1, 0)d0- G{Xg, 0, 0) de 



<£s 
<L I d0 

J s 

= L{t-s). 

Similarly, one can show 

£s[Xs-Xt]<L{t-s). 
Notice that — <?s['^] < <fs[— hence the result by combining the above two inequalities. 



(7) 



□ 



Lemma 15 GivenT > 0. Lett G [0,T] and h > such thatti = t + ih£ [0,T],i = 0,1,2,3. Then 
we have the following estimates 



£t[iXt+h-Xty'']<Gin,L,T)h^, 



\£t[±iXt+2h - Xt+h){Xt+h - Xt)]\ < LVC{l,L,T)h-2, 
£t[\iXt, - XtJiXt, - Xt,)iXt.^ - Xt,)\] < C(l,L,r)l/ii, 

where C{n,L,T) is a constant depending only on n,L and T. In particular, 

£[\Xtr] < Ci£[\Xt - XoH + iXoD < G{tf + iXoD < oo, i G [0,T]. 

Proof . We prove (8) by induction. 



(8) 
(9) 
(10) 
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First, let n = 1. By the construction of the conditional expectation we have £t[{Xtj^h — XtY] 
£t[{Xtj^h - y)%=Xt, then by Theorem 8, we get 

£t[{Xt+h - yf] <iXt - y? + £t[ j'^"^ GiXg, 2{Xe -y),2) dO] 

rt+h 

<{Xt-yf + £t[ L{2\Xe-y\+2)de] 

rt+h 

<{Xt - yf + 2L £t[\Xg - y\] dO + 2Lh 

rt+h 

<{Xt -yf + L £t[\Xe - y\^] dO + 3L/i. 



Thus we derive the inequality 

£t[{Xt+h - Xtf] < L j'J^ £t[\Xe - Xt\^] d9 + 3L/i, 

then by Gronwall's inequality we have proved 

£t[{Xt+h - Xtf] < C{l,L,T)h, 

where C(l,L,r) = max{3L, ^L^Te^^}. 

Now assume that the inequality holds for n = k — l,k > 2, we can show 

r-t+h 



£t[{Xt+h - Xtf''] <£t[j^ G{Xe, 2k{Xe - Xtf'''\2k{2k - l){Xe - Xtf''-^) dO] 

/t+h i-t+h 
£t[\Xe - Xt\^^-'^] dO + 2k{2k - l)L £t[\Xe - Xt\^^^-^^] dO 

<kL j'^^ £t[\Xe - Xt\^^] de + [k + 2k{2k-l)]L j'^^ £t[\Xe - Xt\^^^-^^]de 

rt+h 

<kL £t[\Xe-Xt\'^'']de + C{k-l,L,T){4k-l)Lh'', 



then again by Gronwall's inequality we have proved inequality (8) for n = k. Therefore, by 
induction, we get (8). 

For (9), we only prove the inequality 

£t[{Xt+2h - Xt+h){Xt+h - Xt)] < C/ii, 

the remaining steps are similar to the proof for (7). 
By Proposition 5 (VI) and (7), we get 

£t+h[{Xt+2h - Xt+h){Xt+h — Xt)] 

= {Xt+h — Xt)'^ £t+h[Xt+2h — Xt+h] + {Xt+h — XtY £t+h[—{Xt+2h — Xt^h)] 
<Lh\Xt+h-Xt\. 
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Then by (8), we have 



<Lh£t[\Xt+h-Xt\] 
<Lhy^£t[{Xt+h-Xtf] 



<yJC{l,L,T)Lh2. 

To see the last estimate (10), agam by Proposition 5 (VI) and (8) one can easily derive 
£t[\{Xt,-Xt,){Xt,-Xt,){Xt,-XtM 

< ^{£t[{Xt, - Xt,f\Xt, - Xt,\]+£t[iXt, - Xt,f\Xt, - Xt,\} 

< ^£tKXt, - Xt,f£t,[\Xt, - Xt,\] + ^£t[{Xt, - Xt,f£t,[\Xt, - Xt,\] 

< ^^C{l,L,T)h^£t[{Xt, - Xt,f] + £t[iXt, - Xt,f]} 
<C7(l,L,r)i/ii. 



4.2 Stochastic Integral and Quadratic Process of X 

Now we proceed to define the quadratic variational process (X) of the canonical process X. It is 
completed in two steps. The first step is to define {X) for a special fixed partition Hat on any given 
interval [0, T]. The second step is to show that this particular choice of definition is well-defined. 
That is, any other partition will yield the same limit as the step size goes to 0. 

Step 1. Given T > 0, for s,t £ [0,T] such that s < t, denote the partition of the interval 
[s,t] by Un = UNis,t) := {tk;tk = k{t - s)/N,k = 0,1,... ,N}, N G N, and the step size by 
h = h{s,t) := {t - s)/N. Now define 
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and let 

Vn = Vn{s,t) ■.= Vs,t{n2n),nen. 

Lemma 16 {Vn} is a Cauchy sequence under L| norm. 

t — s 

Proof . Set 6Vn = Vn+i — Vn and h = — — . To show {Vn} is a Cauchy sequence, it suffices to prove 

2" 

£[{5Vnf]<Ch^, 

with the constant C independent of n. 
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Noticing that Vn+i is defined by adding the midpoints to the partition 112", we can denote the 
midpoints by Sk ■= {tk + tfc+i)/2 = tfc + h/2. Then we can rewrite 5Vn as 

Han 
Han 

Thus 

Han 
Han 

+ 8 ^ {Xt^^, - Xs, ) {Xu - Xs, ) {Xt^^, - X,^ ) {Xt^ - X,^ ) 

0<«<i<2"-l 

= : 4/ + 8 J. 

Now we estimate £[I] and |<f respectively. Let us consider \£[J]\ first. By Proposition 5 (VI), 
(7) and (10), we get 

0<i<j<2"-l 

< £[{Xt^^, - Xs,){Xu - XsJ{Xt^^, - Xs^)iXt^ - Xs^)] 

0<i<j<2"-l 

< mXu^,-XsMXt^-XsMXt,-Xs^)\Ss,[Xt^^,-Xs^]+£s,[-iXt^^,-XsM 

0<j<j<2"-l 

<Lh Yl - ^sMXu - Xs^Xt^ - Xs^)\] 

0<i<i<2"-l 

<Lh Y 

0<i<j<2"-l 

< Ch^, 

where C is a constant depending only on L and T, may different from line to line. Then we drive 
\£[J]\ < Ch^ as in the proof of (7). 
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For 8[I], (8) implies 

<Y.^Ut,^.-Xs,)\x,^-x,^f] 

Han 

< \ Y.^£[{X,,^, - X,J4] + £[{X,, - X,J4]} 

Han 

Han 

< Ch. 

Now we have proved the estimate 

£[{8Vnf] < C{h^+h). 

We are done. □ 
Given Lemma 16, we now define the quadratic variation process {X) as the limit of {Vn} under 
L| norm. 

Definition 4 The quadratic variation process {X) is the limit of {Vn} under L| norm. That is, 

{X)t -M hm K(0,t). 

n— >oo 

The next step is to show that this definition is well defined. 
Step 2 To this, we establish two lemmas. 

Lemma 17 Given any partition 11 of [To,Ti] C [0,T] denoted by 

n = {tk,0< k<K :To = to<ti<-- - <tK = Ti,K en}. 

We have 

n 

£to[[{Xt, - Xt,? - Y^iXt,^, - Xt.ff] < C{T, - Tof, 
n 

where C is a constant depending only on L and T. 

Lemma 18 Given any two partitions Hi and II2 of the interval [Tq,Ti] C [0,T], where 

111 = {si,0 < i < M : Tq = sq < si < ■ ■ ■ < sm = ^i} and 

112 = {tj,0 < j < N : To = to < ti < ■ ■ ■ < tN = Ti}, 
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with 

llllill = max{|sj_(_i — Sj|; < i < M — 1} and \\Il2\\ = max{|tj_(_i — tj\;0 < j < N — 1}. 
We have 



Hi Ha 



0. 



We leave the proofs of the two lemmas to Appendix B, and see immediately the well-definedness 
of quadratic variation process (X) follows: For any partition 11 of the interval [s,t] C [0,T], we 
have 

£[[Y^{X,^^,-Xt,f-{{X),-{X),)]'] 
n 

< 2£[['£{Xt,^^ - Xt,f - Vn{s,t)f] + 2£[[Vn{s,t) - {{X)t - {X)s)f] ^ 0, 
n 

as ||n|| — )• 0, n — 7- oo, and Lemma 16. 
Proposition 19 

£s[\{X)t-{X)s\]<Ci\t-s\, 
£sm)t-{X)sf]<C2\t-s\\ 
where Ci = C{l,L,T) and C2 = C{2, L,T). 

Proof . Here we only give the proof of the second inequality. Using the same notations as in the 
proof of Lemma 16, we have 



£s[i{X)t-{X)S' 



<2£, 



[{{x),-{x),)-j2ixt,^.-xa' 



+ 2£s 



[Y^{x,,^, - x,,n 



=:2/ + 2J. 
By (8), we can estimate J as 



J = £ 



2i2 



it - 



r2 



<N'C{2,L,T)- ^2 
= C(2,L,T)(t-s)2. 
Since I — )■ as n — t- 00, letting n — t- 00, we have proved the second inequality. 



□ 



Remark 10 Note that we do not know yet the continuity of its path from the definition of the 
quadratic variation process {X). 
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Now, we define define Ito type stochastic integral for € Ci.Lip(I^) with respect to X. 

Definition 5 (Ito type stochastic integral) Given T > 0. For any </? S CiLipi^), the stochas- 
tic integral (p{Xq) cLXq, s,t € [0, T] ands < t is defined as the limit of 

Y^^{Xt,){Xt,^,-Xt,) 



under the L| norm. 

Similar to the proof of the quadratic process of X, one sees that this definition is well defined. 
Moreover, we have the followings. 

Proposition 20 Under the L| norm, 

2 f XedXe = X^ -X^ -{{X)t-{X)s),s<t,s,t£ [0,T]. 

J s 

Proposition 21 Given T > and s,t £ [0,T] such that s <t. Then 

/•* 3 

\£s[± J {Xe-Xs)dXe]\<C\t-s\-2. 



(11) 



(12) 



Proof . By Definition 5, it suffices to show 



^tfc i^tk+i - ^tk) - (Xt - Xs 



< C\t-s\2. 



(13) 



To prove (13), we proceed similarly as in the proof of (7). Let N = 2" and h = [t — s)/N. By 
Proposition 5 (VI), (7) and (8), we have 



N-l 



Xt,{Xt,^, - Xt,) - Xs{Xt - Xs)] < £s[{Xt, - X,){Xt,^^ - Xt,] 

A;=0 

7V-1 
fe=0 

N-l 

<2LhY,£s[\Xt,-X,W 



k=0 



N-l 



3 1 N2 



<2y/C{l,L,T)LhS2{kh)2 < 2^yC{l,L,T)L\t- s\2 ^ 



^y2C{l,L,T)L\t- s\ 
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Since <?[| f^r]gd{X)g\] < C <f[|%|] d9 for simple process r/, by Proposition 19. We can define 
£[f^ ^{Xq) d{X)Q] for such ip, for which is integrable on [0,T]. For example, if (/? G C(M) 

has polynomial growth, then £[j^^ (^{Xq) d{X)Q\ is well-defined. Furthermore, we can define the 
integral J ^{X) d{X) with respect to the quadratic variation process {X). 



Definition 6 For any ip G C/.ijp(IR), ip^Xg) d{X)0, s,t £ [0,T] and s < t is defined as the 

Y,v{Xt,){{X),,^,-{X),,). (14) 



Lg-limit 



In particular, we have 



Proposition 22 Given T > and s,t £ [0,T] such that s <t. Assume if G C(M) has polynomial 
growth. Then 

TT J S 



(p{Xg)d{X)g inL 



Han 

Proof . Using the notations as in the proof of Lemma 16, we have 

rt 



£[\Y,^{Xt^)iXt,+^-Xt,f- [ ^{Xe)d{X)e\'] 
<2£[\Y,^{Xt,){Xt^^,-Xt,f -Y,^{Xt^){{X)t,^^ - {X) 

+ 2£[\ J2 v{Xt,){{X)t,^^ - {X)t,) - f ^{Xe) 

TT J S 



2/ + 2 J. 
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Now by Proposition 5 (VI), Corollary 19, Propositions 20, and 21, we have 

112 

N~l 

< 2 £Mx,,nx,„^, - x,,f - {{x),,^, - {x)a'] 

k=0 

+ 2 Yl syiXtMXtM^u+i - - i{x)u^, - {x)tMiXt,^^ - Xtf - i{x)t^^, - {x)t^)]] 

0<i<j<N-l 
N-l 

< 4 Y mxt.nxt,^, - x,,f + {{x)t,^, - {x)t,f]\ 

+ 2 Yl slnXiMXtM^u+i - ^uf - {{X)u+i - {X)u)]\ 

0<i<j<N-l '- 

{\£t,[{Xt^^, - Xt^f - {{X)t^^, - {X)t^)]\ + \£t,[-{Xt,^, - Xt^f + {{X)t^^, - 

Af-1 



k=0 0<i<j<N-l 



, 5 ■ 



<C {N^-^—fi + N^^-^^) ^0, asiV^oo. 



2 



Since J — )• as n — )• oo. Letting n — )• oo, we are done. □ 

Now we can establish Ito type formula. 

Theorem 23 (Ito formula) Given T > 0, and s,t e [0,T] such that s < t. Assume 93 G C^(M) 
with i-p' ^^p" £ CiLipiM)- Then we have 

^{Xt) - v{Xs) = ^ v'{Xe) dXe + ^"{Xe) d{X)e. (15) 
Proof . We still use the notations in Lemma 16, and get 

^(Xt) - ^{Xs) = Y\^{Xt,^.) - ^iXt,)] 



112" 

where 

% = y'{Xk + \k{Xt,^, - Xt,)) - v"{Xk)]{Xt,^, - Xt,f 

with the random variable E [0, 1]. Noticing that (p" € C/.Lip(lR), by (8), we derive the estimate 



£[\rik?] = £[\ WiXu + XkiXt,^, - Xt,)) - ip"{Xk)]{Xt,^, - Xt,) 
<C£[iXt,^,-Xt,f]<Ch^ 



2|2i 
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where C is a constant independent of k. Thus 

Af-l 

Thanks to Definition 5 and Proposition 22, we have proved (15). □ 
4.3 Stochastic integral for general Y = J ip{Xg) dXg 

Theorem 24 Suppose ip G C^(M) and ip,ip' G CiLipiM.). For s,t £ [0,T] such that s <t, one can 
define (/^ ^{Xe) dXe)^ as the L| limit of the sequence 

2 



J2(p^\{Xe)dXg] . 



If we set ip^^\Xe) = En^™,, ^ ^^^^ can define (J^' dXg)^ as 

the -L| limit of the sequence 

2 



Han 

The proof of the theorem rehes on the fohowing Lemma. 
Lemma 25 Suppose ip G C^(R) and ip,(p' G CiLip{M.). Then we have the estimates 

/s+h 
ifiXg) dXgf] < Ch, (16) 

fs+h 

£s[{ ip{Xe)dXef]<Ch\ (17) 

J s 

where h > 0, s, s + h £ [0, T] and C depends on ip, L and T. 

Proof . First, set <I>(x) := ip{y)dy, one can see $ G CmpiR). Then by Ito's formula (Theo- 
rem 23), we get 

ifiXe) dXe = HX,+h) - ^{Xs) --J ^'{Xe) d{X)e. 

Therefore, we have 

ifiXe) dXef] = £s[mXs+h) - HXs) -^j v'{Xe) d{X)ef] 

< 28s[{^{Xs+h) - HXs)f] + \8s[{ J'^\'iXe)d{X)g f] 

< C{h + h^), 

25 



where we used (8) and the esthnate 



s+h 



£s[{ ip'iXe)d{X)ef]<Ch^ 



which is a result of the definition of the integral. 
Similar computation can show (17). 



Proof of Theorem 24. Denote 



viXe) dXe 



tk 



By (17), we get £[ll] < C{t - s), i.e. £ L|. Now, it suffices to show £[\In - /n+iP] < Ch2,h 
with C independent of n. Let = {tf^ + tfc_|_i)/2, then we have 

£[\In — In+l\'^] 



tk 



E 

Han 
Han 

Han i<j 

<Ch^, 
by (16) and 



ifiXe) dXe 



if{Xe)dXe 



tk 



tk+i 



^{Xe)dXe 



Sk 



Sk \ 2 

ip{Xe)dXe 



tk+i 



^{Xe)dXe] 



Sk 



/ v{Xg)dXe] / ^{Xe)dXg\ / ^{Xg)dXe\ / v{Xg)dXe 



tj+1 



^(Xe) dXg 



< Ch, 



a result of (7) and Proposition 21. 

To show the second part, we denote 



Im,n = Y.( r^\^'^HXg)dXe) 



'tk 

and 6 = — si = j^^- For a given m G N, when n is large enough, h < 6, we have 

2 



('(/?(Xsj2(Xt^^^ - XtJ^, if < tfe < < Si+i, 

\[ip{Xs,){Xs,^, - Xt,) + ip{Xs,^,){Xt,^, - Xs.^X, ifsi <tk< si+i < tk+i, 
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which fohows Im,n £ L,^ for each n. Similar to the proof of Lemma 16, we can show 

which imphes that {Im,n}n is a Cauchy sequence. 
Proposition 26 Suppose tp £ C^{]R) and if,(p' € CiLip{M.). 



t J s 



ip{Xe)dXej = J ^{Xefd{X)e 



and 



ip'^"'\Xe)dXe 



^{Xq) dXg ) inL\ as m ^ oo. 



t \J s I t 

Proof . First, we are going to prove (18). For a given m G M, we have 

21 



<2£ 



ip^^\Xe)dXgj - J ip^^\Xgfd{X)g 



^("'\Xg)dXo) Yl 



* Hon 



^("'\Xg)dXg 



+ 2£ 
=:2(AW+A(2)). 



/ dXe) V^'^KXgf d{X)g 



By the definition of these two processes, A^^ — )• as n — )■ oo, for A^^^ we have from (16), (17), 
Proposition 20 and Proposition 21. 



(18) 
(19) 



Han 



2 



-fe+1 



*'^'(^(™)(Xe)dXe] - r''\^"^\Xefd{X)e 



ip^"'\Xe)dXej - J^^" ip^'^\Xgfd{X)e 
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Letting n — )• oo, we get (18). 

Now, for (19), it suffices to show the last statement. To this end, note that from the proof of 
Theorem 24, we have the estimates 



£ 



^^^\Xe)dXe) -Im,n 



and 



where C is independent of m. 

For each n, by the definition of Ito's integral, we have 



E 



Ho 



ipiXe)dXe 



■k + l 



V<""(X»)dX» 



Han 



v{Xe)dXe 



tk + l 



ip^"'\Xe)dXe 



tk 



0, as m — )• oo. 



Therefore, we obtain 



£ 

<£ 



ip("^\Xe)dXe 



ip^^HXe)dXe) -Im,n 



ifiXe) dX, 
+ £ 



^{Xe)dXe) -L 



~^ £[\Im,n In\ 



<Ci2-iy-+£[\Irn,n-In\]- 

Letting m — )• oo, we get 

lim £ \ ( [ ^^'^\Xe)dXe 



then letting n — ^ oo, we are done. 

We now consider a general form of Ito formula. 



^{Xe) dXg 



< C{2' 



Theorem 27 (General Ito type formula) Given T > 0, for s,t £ [0, T] such that s < t. As- 
sume that (p G C^(M) with if', if" G CiupW, and 7 G C^(R),7 G C;. Xjp(K). Then we have 



ip{Yt)-if{Ys)= / ^'{Ye)a{Xe)de+ / ^'{Ye)P{Xe) d{X)e 



+ 1 ^'iYehiXe)dXe + ^ I ^"(Yeh^Xe) d{X)e. 



(20) 
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The proof is similar to that of Prop. 6.3 in Chap. Ill in Peng [PIO], with properties of quadratic 
variation process {X) such as Proposition 19. 

Remark 11 • We still cannot define Ito's integral fonp £ Cfc(M). The reason is that we cannot 
prove the following inequality 



£[{ !\edXef]<C\t 

J s 



for some constant C and simple process rj. Actually, to show the above inequality we need a 
better estimate than (9), i.e. the order of h should be greater than or equal to 2. 

• For the same reason, we cannot establish Ito's formula for the process 

Yt = Yo+ f a{Xe)de+ f l5{Xe) d{X)e + [%{Xe)dXe, (21) 
Jo Jo Jo 

where a,/3,7 S Cb.Lipi^), unless j is a constant. And we cannot define the quadratic vari- 
ational process of Y . But we are able to define (Y) when some constraints are imposed on 
7- 

Consistency with original G-framework It is worth pointing out that our construction of 
stochastic integral is consistent with Peng's [PIO] original G-framework, where the quadratic vari- 
ation process of G-Brownian motion is defined as 

N~l 

II t II j=o 

where the limit is taken in Lq norm, and {vt^Itvsn is a sequence of partitions of the interval [0,t]. 
This consistency can be readily seen from Section 4.2. 

5 Application to Weak Solution of G-SDE 

5.1 Weak Solution of G-SDE 

Now, let us consider a special G-SDE 

(dXt = b{Xt)dt + r{Xt)d{B)t + a{Xt)dBt,0< t < T, ^^^^ 
\Xo = X, 

where b,r,a G G^(M), and o" > (Tq > for some constant uq. We can also use Peng's [PIO] notation 
to write the G-SDE as 

Xt = x+ [ b{Xs)ds+ [ r{X.,)d{B)s+ [ a{X,)dB„te[0,T]. 
Jo Jo Jo 
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Definition 7 (Weak Solution of G-SDE) A weak solution of G-SDE (22) is a triple ((17, Ti, £),X, B), 
where 

i) {Vl^T-L,£) is a nonlinear expectation space, 

ii) X is a continuous process on the nonlinear expectation space (0,?^,£^), and B is a G-Brownian 
motion as defined by Peng [PIO], 

Hi) the identity 

Xt = XQ+ f b{Xe) de + f r{Xe) d{B)e + f cj{Xe) dBe (23) 
Jo Jo Jo 

holds in L| norm. 

Theorem 28 (Existence of Weak Solution) There exists at least one weak solution of the G- 
SDE (22). Especially, if we set 

1 



G{x,p, A) = ^ sup{[2r(x)p + a'^{x)A]j} + b{x)p, 
^ 7Gr 

where T = \^ > 0, then the nonlinear expectation £ derived from the PDE 

dtu - G{x, u', u") = 0, {t, x) G (0, T] X M, (24) 
together with the canonical space 0, = Cx{[0,oo)) and the process 

Jo '^{Xe) Jo (^{Xd) Jo (^^[Xg) 
is a weak solution of the G-SDE (22). 

Remark 12 From Remark 2, we know that G satisfies conditions in Theorem 7. 

To prove the existence result, let us first consider the process defined by (25). By (19), we have 

{B)t= f ^^ d{X)g. 

Jo cr^iXe) 

Following the approach in the proof of Proposition 21, we can easily get 



1 1 



a^iXg) a2(X,) 
Then one can easily get 



d{X)e 



<C\t-s 



[ r{Xe)d{B)e= [ l^ d{X)g in L|. 
Jo Jo [Xe) ^ 

Similarly, although more calculations are needed, one can get 

r a{Xe) dBe = Xt - X^ - f b{Xe) dO - f in 4- 

Jo Jo Jo <^ \Xe) ^ 

Now, it suffices to show B defined by (25) is a G-Brownian motion. To this end, we refer to 
the approach in [XZIO]. First, let us see some properties of B. 
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Lemma 29 (Martingale Properties of B) Under the nonlinear expectation space (CljUjE), The 
process B have the following properties 

i) B is a symmetric £ -martingale; 

ii) the process {B^ — a^t} is an £-martingale; 

Hi) the process {g^t — Bf} is an £ -martingale. 

Proof . 1. For simplicity, let 6 = 0. Given any G [0, T] with s <t. To prove i), we need to show 

dXg /■* riXe 



£. 



First, consider 



I:=£s 

Similar to Lemma 21, we can prove 



a{Xg) J, a^Xg) 
* dXe /■* r{Xe) 



d{X)t 



0. 



a{Xe 



a\Xe 



d{X)t 



£. 



£. 



a^Xe) a^{Xs)) 
t / 1 1 



d{X)e 
dXa 



< C\t-s\ 



< C\t-s\2. 



cj{Xe) a{Xs), 

Since r is bounded, by Corollary 20, Lemma 21, (26) and (27), we can get 
dXe r{Xe) 



I=£ 



E 

n2" 



d{X)e 



n2" 



dXa 



r{Xe) 



d{X)e 



n2" 



f r{Xe) r{Xt,) 



<Y^£ 

n2" 



d{X)e 



a{Xe) a{XtJ 



dXn 



k + l 



n2" 
n2" 



1 
1 



■(^tfc+i - Xt^ 



'^HXt,) 

r{Xt,) 



{X)t,] 



<y{x, 



-(Xtk+i - Xtf^) - 



(Xtk+i - Xt 



'■k + l 



{Xe-Xt,)dXe 



ct3(X, 



tk > 



- X, 



tk I 



tk 

+ Ch^. 



(26) 
(27) 
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Similar to the proof of (7), by Theorem 8, we have 
1 



<y{Xt,, 
tk+1 , / I 

G I Xe, 

tk V 



^'(Xtk) 

MXtk) (^ ^ . . r{Xt,) \ 



■fc+1 



tk 



G Xg, 



1 



a{Xt,) a^Xt^ 



{Xe-Xt,),-2 



^HXtk] 



dO 

de-Gl Xf) 



tk, 



a{Xt^y aHX, 



tk ' 



tk+\ „ / \ 
tk+i 



de 



tk 



r{Xtk) 



{Xe - X, 



tk J 



tk I 



dO 



tk+i 



+ C£s[ \Xe-XtJd9] 



tk 



<Ch2, 

where we used the identity 



G I Xg, 



_J: g rjXg) \ 

a{Xg)' a^Xg)) 



0. 



Therefore, we have proved / < Ch^ — t- as /i — t- 0, i.e. / < 0. Similarly, we can show — / < 0. 
Hence, i? is a symmetric £^-martingale. 

2. By (16), one can easily get the estimate 

£s[iBt-Bs)^] < G\t-s\. 

Then similar to the construction of fQ(p{Xg)dXg for ip G CiLip{M.), one can easily define the Ito 
type integral with respect to B: ip{Bg) dBg, by noticing that 5 is a symmetric ^-martingale, 
and Jq ^{Bg) dBg is a symmetric £^-martingale. 
Now by (19), we have 

S,[B^^-aH]-{Bl-a^s) 
= 8,[Bj-Bl\-a\t-s) 
= 8s[{B)t-{B)s\-a^{t-s) 



^HXg) 



d{X)e 



a\t - s). 



We are going to show £s[fg ^iK ) '^{X)g] —a'^{t — s) = 0. By Proposition 20 and Proposition 22, 



it suffices to show the estimate 
1 



tk 



c^HXtk) 



{Xtk+1 - Xt^, 



^■^(^fc+l - tk) 



< Ch2, tk,tk+i G 112". 



(28) 
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Since 0, 2/(7^(j;)) = cr^, we have 



and 









ftk + l 




<4 


G Xe, 










j-tk + l 




<4 




G^Xt 


Jtk 





k+1 



tk) 



'^{Xe-Xt,) 



-fc+i 



tk 

tk+l 



ci0 



2 



2 



de 



<C£t,[ \Xe-Xt^\d9] 



tk 



<Ch2, 

-4[ 
<4 
<4 



1 



■(^tfc+i - ^tfc)^] + - tk) 



G X, 



2{Xg - X, 



tk J 



tk 



G Xq, 



2(Xe-XtJ 2 



tk 

tk+i 



G{Xe,0, 



aHX,,) 'a^iX,,) 
2 



G[Xe,0, 



cT^Xe) 



G[Xe,0, 



de 



<C£tA \Xe-Xt^\de] 



tk 



<Ch2. 



So we obtain (28). 

3. Similarly, we can prove iii). 



de 



de 



□ 



Same as Lemma 5.8 and Lemma 5.10 in [XZIO], we can show the following two lemmas, the 
proofs are standard. For completeness we give the proofs in Appendix A. Now we set G{A) = 



Lemma 30 i) 



£s[{ / [Be - Bs) dBe)'] = £s[ [Be- B,Y d{B)e] = —{t - s) 



(29) 



ii) For any given u : [0,T] x M — > ]R uniformly continuous, the process u{e, Be) d{B)(, 

Jq G{u{e, Be)) de} is an £ -martingale. 
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Lemma 31 Letu{-,-) G C^' ([0,r] X R). Assume that both Ut and u^x oL^e uniformly continuous. 
Then for any s,t £ (0, T) and h > s.t. s + h,t + h £ {0,T), we have 

u{t, Bt+h - Bh) - u{s, Bs+h - Bh) 

/t+h i-t+h 
ut{e-h,Be-Bh)de+ / Ux{e-h,Be- Bh)dBe 
_+h J s+h 

I j-t+h 

+ 7T / Uxx{0-h,Be- Bh)d{B)e. 

^ J s+h 

Consider the G-heat equation 

iut- G{u,^) = 0, {t,x) G [0,r] X M, ^^^^ 
1 u(0, x) = ip{x), X G M, 

where ip E Cb.ijp(M). We are going to show u{t,x) := £[ip{Bt + £ Cii^npiM.) is the unique 

solution of G-heat equation (30). 

Lemma 32 If u is the unique viscosity solution of the G-heat equation (30), then 

u{t,x) = £[^{Bt + x)\. 

1 2 

Proof . By Theorem 4, we know u £ Cj^' ((0, T] x M), and ut and Uxx are both uniformly continuous. 
By Lemma 31, for < e < f < T, s G [0, T], we have 

u{£, Bs+t~e - Bs+x) - u{t, x) 

/s+t—e f-s+t—e 
-ut{t + s-e,B0- Bs + x)d9+ / Uxit + s-e,Be-Bs + x) dBg 
J S 

f'S + t-€ 

+ - Uxx{t + s-e,Bg-Bs + x) d{B)e. 

t/ S 

Then we use Lemma 30 to get 

£[u{e, Bs+t-e -Bs + x)- u{t, x)] 

i-s+t—e 1 i-s+t—e 



/s+t—e /■s+t—e 
-ut{t + s-e,Be- Bs + x)d9 + - J Uxx{t + s - 6, Bq - B^ + x) d{B)g] 

= ^[-/ Uxx{t + s-e,Be-Bs + x)d{B)e- G{uxx{t + s - 9, Be - B^ + x)) dO] 

= 0. 

Therefore, lim^^Q £[u{e, Bg+t-e — Bg + x)] = u(t,x). 
We also have 

i[\uie, Bs+t-e -Bs + x)- uiO, Bs+t -Bs + x)\]< C(e + i[\Bs+t-e - Bs+t\]) < C(e + V^), 
since ut is bounded and if is Lipschitz continuous. 
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Hence u{t, x) = £[ip{Bs-\-t — Bg + x)], and u(t, x) = £[ip{Bt + x)] by the arbitrariness of s. □ 

Now we can prove the existence theorem. 

Proof of Theorem 28 . By the definition of G-Brownian motion (see Definition 1.2 in Chapter III in 
Peng [PIO]), we only need to prove that Bt-^-s—Bt is independent from {Bt^ , Bt^ , • • • , i?t,„), ii, ^2, ■ ■ ■ ,tm ^ 
[0,t]. Without loss of generahty, we prove the case m = 1 and ti = s. To this end, notice Defini- 
tion 5 and Proposition 22, for any ^p{■, •) S Cb.LipO^'^), we derive 

£[iP{Bt, , Bt - Bs)] = £[£smBs, Bt - Bs)]] 

= £[£s['4>{y, Bt — Bs)]y=Bs\ by Definition 5 and Proposition 22 

= £[£[tlj{y,Bt-s)]y=Bs] 

= £[£[ilj{y, Bt - Bs)\y=Bs] by Lemma 32. 

□ 

Remark 13 We note here that the weak solution is not unique. Actually, one can choose different 
pairs (£oi^o) derive different Go, as long as > 0. 

6 Appendix A 

To prove Theorem 1, we fohow the proof for Theorem 9.1 in Chapter V of Fleming and Soner 
[FS92] with a slight modification. 
First, let us consider the PDF 

ut - G{x, Du, D'^u) = in Q = (0, T) X D, (31) 

where D cW^ open and bounded, T > are given. Denote dQ = ([0,r] x dD) U ({0} x D). 

Theorem 33 Let G G C{D x M'^ x S*^ ) and satisfies condition (E). If u is a suhsolution of (31) 
andu is a supersolution of (31), then 

sup(u — u) = sup(n — u). 
Q dQ 

Now we need the following lemma to show Theorem 1, before we state the lemma, let us do 
some calculus. 

Suppose that U G C^'2([0,r] x R'^) is a classical solution of (GF) in (0,r) x M*^. Let Br = 
{x; \x\ < R} and rj^ G C'^{Bji) be a function satisfying r]^(x) > whenever |x| < R. Set 

U{t, x) = ri^{x)U{t, x), {t, x) G [0, T] x Br. 

Directly calculate, we get 

?7i = 7?^C/t,f7,, =7?^[/,,+ryf^C/, 
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Multiplying the equation in (GE) by t]^, we derive 

rj^Ut - G{x,7]^DU,ri^D^U) = 0, 
since G satisfies condition (B). Then we can obtain 

Ut-G§{x,DU,D^U) = 0,{t,x) £Qr, (32) 
where Qij = {0,T]xBr a.ndG§{x,p, A) = G{x,p-UDr]^ix),A-^^Dif{x)p'-^p{Dr]R{x)y- 

Lemma 34 Let U G USC{[0,T] x E*^) (or U e LSC{[0,T] x M*^); be a viscosity subsolution 
(supers olution) of (GE). Then U is a viscosity subsolution (supersolution) of (32) in (0,T] x Br. 

Proof . Suppose that u G C'^{Qr) and tj — u has a maximum at (t, x) G Qr satisfying {U — u){t, x) = 
0. Set u{t,x) = 'u{t,x)/r]^{x). Then u G C'^{Qr) and U — u has a maximum at (i, x) G Qij. Since 
[/ is a viscosity subsolution of equation (GE), 

ut{i, x) - G{x, Du{t, x),D'^u{t, x)) < 0. 
So the calculations preceding the lemma yield 

ut{t,x) - G^{x,Du(t,x),D^u{t,x)) < 0. 

Since U{t,x) = u{t,x), we have U{t,x) = u(t,x) and consequently 

G^{x,p,A) = G§ix,p,A). 

Hence ^7 is a viscosity subsolution of (32) in Qr. The supersolution property can be proved 
similarly. □ 

Lemma 35 Assume a, b are uniformly Lipschitz continuous with a common Lipschitz constant Lq. 
Then there exists a continuous function p : [0, oo) — )• [0, oo) with p{0) = such that G{x, a{x — 
y),A) — G{y, a{x — y), A) < p{a\x — + |a; — ?/|) for every x, y G M, a > and A,A€ S'^, satisfying 

Proof . By the representation of G, we have 

G{x,a{x - y),A) - G{y,a{x - y),A) < sup |^tr[o-(x,7)cr'(3;,7)^ - a{y,j)a'{y,-f)A]^ 

+ sup{a|6(x,7) -b{y,j)\\x -y\}. 
7er 
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Since b is uniformly Lipschitz continuous, we get 



:tr 



< 3atr 



sup{a|6(x,7) - 6(y,7)||x - y\} < Loa\x - 

And we have 

tr[<T(x, -/)a'{x, -f)A - a{y, ^)a'{y, -f)A] 

V(x,7)(t'(3;,7) o-(x,7)cr'(y,7)\ /a 0_ 
a{y,-f)a'{x,-f) a{y,'y)a'{y,'y)J \0 -A^ 

'a{x,'y)a'{x,'y) a{x,-fW {y,-fT 
^a{y,j)a'{x,j) a{y,'y)a'{y,'y)^ 

= 3Qtr[<T(x, -/)a'(x, 7) - a{x, 'y)a'{y, 7) - a{y, 7)0-' (x, 7) + a{y, -f)a'{y, 7)] 

= 3atr[(cr(2;,7) - a{y,'j)){a' {x,-f) - cr'{y,-f))] 

= 3a||(cr(2;,7) - a{y,j))f 

<3Lla\x-y\\ 

Therefore, we can set p{r) = 3(Lq + LQ)r. 



I -I 
-I I 



Proof of Theorem 1. Set r/^(x) 
exists a constant Cq such that 



1^ + |x| < R. Then r/^ G C^{Br), and there 



\Dri''{x)\ < ^, \D'ri"ix)\ < ^, 



2R- 



Now we set 



G^{x,p,A) := G{x,p,A 



Dr]^{x)p' 



r]^{x) T]^{x) 
where x,p G M^, A G S"'. Since G satisfies condition (D), we have 
\G''{x,p,A)-G§ix,p,A)\ 



p{DT]^{x)y), 



G{x,p,A 



^ Dv''{x)p' - -±-MDif{x))') 



ri^{x) 



ri^{x) 



G{x,p-UDt]^{x),A 



1 



-Dr]^{x)p' 



<p{ \UDri^{x)\ + \UD'^ri'^{x)\ + 



ri^{x) rj^{x) 
^Dr]^{x){Dr]^{x)y 



1 . R/ ■? X Dri^(x)(Dri^(x)y 

p{D7]^{x)y -UD^7]^{x) + 2U- ' ^ ' ^ " 



r]^{x) 



2U- 



rj^{x) 



Since u and u have polynomial growth, there exist constants C_{R) and C{R) such that 

D7]^{x){Dr]^[x)y 



\uDr]^{x)\ + \uD'^^^{x)\ + 
\uDr]^{x)\ + \uD'^r]^{x)\ + 



2u- 



r]^{x) 



Dri^{x){Dri^{x)) 



2u 



ri^{x) 



<C{R), 
<C{R), 
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and C{R), C{R) ^ as ^ oo. 

For G Qr, set u^{t,x) = r]^{x)u{t,x) - p{C_{R)){t - T) and u^{t,x) = r]^{x)u{t,x) + 

p{C{R))(t — T), then by Lemma 34 we obtain and are viscosity subsolution and viscosity 
supersolution of 

Ut - DU, D^U) = 0, (t, x) G Qr, 

respectively. 

By the former lemma, we see that G satisfies condition (E), and similar to the proof we can 
also show satisfies condition (E), then we can use Theorem 33 to get 



sup(tt^ — u^) = sup(u'" — u"), 
Qr QQr 

and — )• u^u^ — )• u uniformly on compact subsets of (0, T] x M'^, and 



1 



sup [u"- - u^) < T{p{C{R)) + p{G{R))) + -Tj ( sup |u| + sup |n|) ^0, as i? ^ oo. 

[0,T]xdBR e [o,T]xSfl [0,T]xBa 

Letting i? — )• oo, we proved the result. 



Proof of Lemma 30. (i) Let ti = s + ih,h = = 0, 1, . . . , A^, G N. Note that 



N-i .t 

{Bu - BtXBu - Bu_,) ^ {Be- B,) dBg in L 



Then 



We have 



J2 (Bu - BtJiBt^ - i?t,_ J j ^ (^l\Be - B,) dBe^ in L^. 



--£ 



£. 



t N 2' 

{Be - Bs) dBe 



{Be - Bs) 



t N 2 

{Be - Bs) dBe 



{Bu - Bts){Bu - Bt^_^ 

\ 4 = 

Y^{Bt^-BtXBu-Bt,_M 



i=0 



So 



{Bu - Bts){Bu - Bu_^^] 



. 1=0 



£. 



t N 2- 

{Be - B,) dBe 



in L^. 
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Now 



' /N-l 

\ i=0 
N-l 

Y^{Bu-Bt,f{Bu-Bt^_,f 



i=0 
N-l 



by Lemma 29. 
Therefore, 



^ {Be - Bs) dBe 



= cr^ ^ (ti - s){ti+i - ti), 
1=0 



N-l 

= lim y^iU - s)(ti+i 

i=0 



The first identity is easy to derive from Lemma 29. 
(ii) Let m = EfIo'«(*.'^t.)lfe,t,+i)W'^ e [0,r],iV' G N,0 = 
is a simple process. Without loss of generality, suppose t = tj^i_i, 



to < ti < ■ ■ ■ < t]sf> = T, then 
then 



Jo Jo 

N'-l N'-l 
j=0 j=0 



N'-2 



_ _ N'-2 

= nit„Bt^){{B)t^^,-{B)t^)-2Y^ G{uitj,Bt^)){t,+i-t,) 

j=0 j=0 

+ u{t^,^,,Bt^,J+£t^,J{B)t^, - {B)t^,J+uitN'-i,Bt^,_X£t^,J-i{B)t^, - {B)t^,J] 

— 2G{u{tN/^l, Btj^,_J){tN' —tN'-l) 

= [ r]ed{B)e-2[ G{i^e)d9 + 2G{u{tN'-i,Bt^, - tjv'-i) - 2GKt^/_i, - tjv'-i) 

Jo Jo 

= I ved{B)e-2 [ G{r,e)de. 
Jo Jo 

Letting maxjltj+i — — )• 0, one can easily derive the conclusion. □ 



Proof of Lemma 31. Without loss of generality, assume u,ut,Uxx are all Lipschitz continuous, 
with a common Lipschitz constant L^. Let tt-^ = {U] ti = s + i6,d = ^jf-,i = 0, 1, . . . , N}, N ^ N 
be a partition of interval [s,t]. 
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We have 

u{t, Bt+h - Bh) - u{s, Bg+h - Bh) 

N-l 

= XI - Bh) - u{ti, Bti^j^+h - Bh)) + {u{ti, Bti+^+h - Bh) - u{ti, Bti+h - Bh))] 



i=0 

N-l N-1 



= Yl (^(^i+i ~ ^' ^n+i - Bh) - u{ri - h, S^..^^ - Bh)) + ^ u^in - h, B^ - Bh){Bri^^ - B^) 

i=0 i=0 
^ N-l ^ N-l 

+ 2 XI - h, Bn - Bh){Bri^^ - Br^f + 2 X [^^^(''i ~ ^' - Bh + K{Bri+i - Bri) 

i=0 i=0 

- Uxx{ri - h, Bri - Bh))]{Bri^^ - Bri)'^ 
N-l N-l 

= X / - ^' ^n+i - Bh) de+Y, ^x{ri - h, Br, - Bh){Br,^, - 

^ N-l ^ N-l 

+ 2 X '^xxi'^i ~ - Bh){Bri^^ - Brif + 2 X I'^x^i^i ~ ^' - Bh + h{Bri+i - ^rj 

1=0 1=0 

- Uxx{ri - h, Bri - Bh))]{Bri^-^ - Bri)'^, 
where Vi = ti + h, Aj G (0, 1). Now 

N-l ^ri+i nt+h 

£[\ X / - ^' ^-^+1 - ^h) d9 - / ut{e -h,Bg- Bh) d9\] 

i=0 -^^i Js+h 

<£[Yl Lu\Br,^,-Be\de]<CY\n+i-ri\^ <CN(—^j ^ as iV ^ oo, 



N-l 



i=0 1=0 

and 

Y Mn - h,Br^ - Bh)liti,ti+i)i^) -h,Bg- Bh), 

1=0 

we get 

Y Ux{ri - h, Br^ - Bh){Bri+^ - BrJ Ux{0- h, Be - Bh) dBe in L 

i=o 
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Since 



£[\ uUn - h, Br, - Bh){Br,+, - Brf - J] n,,(r, - h, Br, - Bh){{B)r,^, - (i?>.,)P] 
j=0 1=0 
N-l 

= £[\ ^^^(^* - ^'^n - / {Be - BrJdBel^] 

N-l 

<£[Y ulAn - h, Br, -Bh){ {Be - Br,) dBef] 

+ uxx{n - h, Br, - Bh)u^^{r, - h, Br^ - B^) [ {Be - Br,) dBe [ {Bg - Br^) dBg] 

Af-l 



i=0 

N-l 



< C5^ ^ ^[1 + + \Br, - Bh\] ^ as iV ^ oo, 



1=0 

we obtain 

N-l 



"-^ f-t+h 
Y ^--(^* - ^' - Bh){{B)r,+, - {B)r,) ^ / U^x{e - h, Bg - Bj,) d{B)g in L|. 



j=0 

We are done. 

7 Appendix B 

Proof of Lemma 17. First, we have 

n o<j<j<ii'-i 

= 2Y{^t,-Xt„){Xt,^.-Xt^). 
j=i 
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Then similar to the proof of Lemma 15, we get 



n j=i 

K-l 



< 2 \£n[{Xt, - Xt,){Xt^^, - Xt^)]\ 

K-l 

<2Y£T,[\Xt,-Xj{£tAXt^+.-Xt,]+£tA-{Xt^^,-Xt 
i=i 

<4LY,£To[\Xt,-Xt,\]{tj+i-tj) 

K-l 

< 4Ly/C{l,L,T) ^/h^^ih+i - h) 



<4LVC(l,L,r)(Ti-To)5. 
Now we prove the second estimate, by Lemma 15 we can derive 

n 

n 

<2C(2,L,r)(ri -ro)2 + 2{£:ToE(Xt,^, -XtJ^] + 2 ^ £t,[{Xu^, - Xtf{Xt^^, - X^^f]} 

n 0<i<j<K-l 
K-l 

<2C{2,L,T){Ti-To)^ + 2C{2,L,T)J2itk+i-tkf + ^C{l,L,Tf ^ (^a+i - U){tj+i - tj) 

k=0 0<i<j<K-l 

< 4[C(2, L, T) + C(l, L, Tf] (Ti - ro)^. 

□ 

Proof of Lemma 18. Consider the common refinement H = Hi U n2 of these two partition, 
denoted by 

n = {ri,0< l<M + N:To = ro<ri<r2<...< vm+n-i < tm+n = Ti}. 
We have 

Hi na 

< 2£[[YiXs.^, - Xsf - Y^Xr,^^ - ^rf?] + 2^:[E(^*.+i - - E(^n+. - Xrf?] 

Hi n n2 n 

=:2i + 2J. 
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Now we estimate I, and the estimate of J can be derived similarly. Note that 11 contains all the 
points of Hi, for each < i < M — 1, we define ni = {ri,0 < I < M + N — 1 : Si < ri < r/^i < Sj+i} 
as the partition of the interval [sj, Sj+i]. Then by Lemma 17, we have 



Hi n 

M-l 

= £[{ ^ [(X,,^, - X,f - ^{Xr,^, - Xrf]y 



1=0 
M-l 



< £[[{Xs.^, - Xs^f - Y^iXr,^, - Xrff] 

1=0 TTi 



0<m<n<M-l TTm 
M-l 



i=0 0<m<n<M~l TTm 

{£sJ{Xs^+, - X,S - - Xrf] + £sA-[{Xs^+. - XsJ - E(^n+i - Xrf]]}] 

M-l 



i=0 0<m<n<A/-l TTm 



< c(ri - ro)||ni || + c{t, - Tof./W^\. 

Similarly, we can obtain 



J < C{Ti - To)\\U2\\ + C(ri - Tof,/^\. 

Therefore, we get 

Hi n2 

< c(ri - To)(||ni|| + iinsll) + c(ri - Tof{y^Wh\\ + ^ o, as iiniii, iiHsll ^ 0. 



□ 



Theorem 36 The quadratic variation process {X) exists and can be defined in the way as step 1 
in Section did. 

Proof . For any partition 11 of the interval \s^t\ C [0, T], we have 
n 

<2£\Y{Xt,^. - Xt,f - Vn{s,t)f] + 2£[[Vr,is,t) - i{X)t - (X),)]^] ^ 0, 
n 

as ||n|| — )• 0, n — )• oo, by Lemma 16 and Lemma 18. □ 
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